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CLASSICAL ANALYSIS
Consider the original Heisenberg-Langevin equations (Eq. 6-7 in the main text):

















Following the method in Ref. [1], we can replace the phonon amplitudes with a Fourier decomposition of sidebands as




−iωa,jt, b −→ B0e−iω2t , (S3)


















Comparing the two sides of Eq. S4, we find the intermodulation frequencies
First order : j = 1, ωa,1 = ω1;
Second order : j = 2, ωa,2 = ω1 ± ω2;
Third order : j = 3, ωa,3 = ωa,2 ± ω2 = ω1 ± 2ω2;
. . . (S5)
SOLVING THE QUANTUM LANGEVIN EQUATIONS
The Heisenberg-Langevin equations in the main text (Eq. 7) can be solved by Fourier transformation.For an





































































































where the bare response functions are






























as the amplitude of zero point fluctuations. Correspondingly
x[ω] =xzpf
(
c[ω − ω1] + c†[ω + ω1] + αδ[ω − ω1] + αδ[ω + ω1]
)
. (S18)












c[ω − ω1] + c†[ω + ω1]
) (





































= (n1,2 + 1)δ[ω1 + ω2] , (S20)〈
ξ̂†1,2[ω1]ξ̂1,2[ω2]
〉
= n1,2δ[ω1 + ω2] . (S21)
3
Employing these relations, every term in Eq. S19 can be calculated∫ +∞
−∞
〈c[ω − ω1]c[ω′ − ω1]〉dω′
= γ1
∣∣χ2a,−χb,−χ̄b,−∣∣2 (2iω2g2) [(χ−1a,−χ−1b,−χ̄−1b,− + 2iω2g2) (n1 + 1) + (χ∗−1a,−χ∗−1b,− χ̄∗−1b,− + 2iω2g2)n1]
− g2γ2 |χa,−χb,−χ̄b,−|2
(∣∣∣χ̄−1b,−∣∣∣2 (n2 + 1) + ∣∣∣χ−1b,−∣∣∣2 n2) , (S22)∫ +∞
−∞
〈




∣∣χ2a,−χb,−χ̄b,−∣∣2 [∣∣∣χ−1a,−χ−1b,−χ̄−1b,− + 2iω2g2∣∣∣2 (n1 + 1) + 4ω22g4n1]
+ g2γ2 |χa,−χb,−χ̄b,−|2








∣∣χ2a,+χb,+χ̄b,+∣∣2 [4ω22g4(n1 + 1) + ∣∣∣χ−1a,+χ−1b,+χ̄−1b,+ − 2iω2g2∣∣∣2 n1]
+ g2γ2 |χa,+χb,+χ̄b,+|2








∣∣χ2a,+χb,+χ̄b,+∣∣2 (−2iω2g2) [(χ∗−1a,+ χ∗−1b,+ χ̄∗−1b,+ − 2iω2g2) (n1 + 1) + (χ−1a,+χ−1b,+χ̄−1b,+ − 2iω2g2)n1]
− g2γ2 |χa,+χb,+χ̄b,+|2
(∣∣∣χ̄−1b,+∣∣∣2 (n2 + 1) + ∣∣∣χ−1b,+∣∣∣2 n2) , (S25)
where the response functions are















〈c[ω − ω1]c[ω′ − ω1]〉dω′ as an example, Eq. S22 can be derived as follows:
∫ +∞
−∞




dω′χ2c [ω − ω1]χb[ω − ω1]χ̄b[ω − ω1]χ2c [ω′ − ω1]χb[ω′ − ω1]χ̄b[ω′ − ω1]{
γ1
[(
χ−1c [ω − ω1]χ−1b [ω − ω1]χ̄
−1











′ − ω1]χ−1b [ω
′ − ω1]χ̄−1b [ω





ξ̂†1[ω − ω1]ξ̂1[ω′ − ω1]
〉]
−g2γ2χ−1c [ω − ω1]χ−1c [ω′ − ω1](





ξ̂2[ω − ω1]ξ̂†2[ω′ − ω1]
〉














χ−1c [ω − ω1]χ−1b [ω − ω1]χ̄
−1






(n1 + 1) δ [ω




′ − ω1]χ−1b [ω
′ − ω1]χ̄−1b [ω






′ − (2ω1 − ω)]
]
− g2γ2χ−1c [ω − ω1]χ−1c [ω′ − ω1](
χ̄−1b [ω − ω1]χ
−1
b [ω
′ − ω1] (n2 + 1) δ [ω′ − (2ω1 − ω)] + χ−1b [ω − ω1]χ̄
−1
b [ω
′ − ω1]n2δ [ω′ − (2ω1 − ω)]
)}
=χ2c [ω − ω1]χb[ω − ω1]χ̄b[ω − ω1]χ2c [ω1 − ω]χb[ω1 − ω]χ̄b[ω1 − ω]{
γ1
[ (
χ−1c [ω − ω1]χ−1b [ω − ω1]χ̄
−1









χ−1c [ω1 − ω]χ−1b [ω1 − ω]χ̄
−1








− g2γ2χ−1c [ω − ω1]χ−1c [ω1 − ω]
(
χ̄−1b [ω − ω1]χ
−1
b [ω1 − ω] (n2 + 1) + χ
−1
b [ω − ω1]χ̄
−1
b [ω1 − ω]n2
)}
=γ1
∣∣χ2a,−χb,−χ̄b,−∣∣2 (2iω2g2) [(χ−1a,−χ−1b,−χ̄−1b,− + 2iω2g2) (n1 + 1) + (χ∗−1a,−χ∗−1b,− χ̄∗−1b,− + 2iω2g2)n1]
− g2γ2 |χa,−χb,−χ̄b,−|2
(∣∣∣χ̄−1b,−∣∣∣2 (n2 + 1) + ∣∣∣χ−1b,−∣∣∣2 n2) , (S29)
































































(∣∣χa,− + 2iω2g2χ2a,−χb,−χ̄b,−∣∣2 + ∣∣χa,+ − 2iω2g2χ2a,+χb,+χ̄b,+∣∣2) . (S31)
This S̄xx[ω] can be separated into two parts S̄xx[ω] , S̄
(+)











∣∣χa,− + 2iω2g2χ2a,−χb,−χ̄b,−∣∣2 (S32)









∣∣χa,+ − 2iω2g2χ2a,+χb,+χ̄b,+∣∣2 (S33)
in the negative bands.
BACKGROUND INTENSITY
When measuring diffuse features in INS, proper assessment of the background intensity from the instrument, and

















































Phonon DOS (meV 1)
f
Al, 300 K
FIG. S1. Information on background analysis. a-d, 2D slices through the four-dimensional scattering function S(Q, ε),
where ε = ~ω, along high symmetry lines in the first Brillouin zone, measured at 10 K (a, c) and 300 K (b, d) respectively.
a-b are the final results of single crystal NaBr and c, d are the background measurements of the empty aluminum can.
Corresponding aluminum phonon DOS from previous measurements [2] are shown in e (10 K) and f (300 K). ’G’ marks the
intermodulation phonon sideband.
sample container under identical conditions. The empty can background, folded into the first Brillouin zone, is shown
in Fig. S1c,d, and is compared with Fig. 1 in the manuscript. The background has two peaks centered at 20 and
35 meV (Fig. S1e,f ), consistent with the phonon density of state (DOS) from polycrystalline aluminum at 300 K [2].
The new diffuse feature is at 25 meV, however, so it cannot be the residue of the sample container. We also confirmed
that the diffuse feature cannot be formed by the excessive subtraction of the background – this gives a much wider
peak spanning the energy range between 20-35 meV. Furthermore, the temperature dependence of the background
follows that of the main dispersions in NaBr, but the diffuse features are far weaker than the main dispersions at
10 K, but modestly weaker at 300 K.
TEMPERATURE DEPENDENCE OF INTERMODULATION PHONON SIDEBANDS
The IPS spectra are much weaker at 10 K than at 300 K, owing to the temperature dependence of the Planck
factors for phonon populations. Figure S2 shows how few one-phonon spectra (before renormalization) are excited































FIG. S2. Calculated phonon DOS and one-phonon spectra before phonon self-energy corrections. Phonons






, where g(ε) is the phonon DOS.
three-phonon processes to generate the intermodulation sidebands.
∗ yshen@caltech.edu
† btf@caltech.edu
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